Abstract. In this paper we prove that testing the cyclic level planarity of a cyclic level graph is a polynomial-time solvable problem. This is achieved by introducing and studying a generalization of this problem, which we call cyclic T -level planarity. Moreover, we show a complexity dichotomy for testing the simultaneous level planarity of a set of level graphs, with respect to both the number of level graphs and the number of levels.
Introduction and Overview
The history of level drawings of level graphs is somehow longer than the history of Graph Drawing: The seminal paper by Sugiyama on this subject [16] dates back to 1981, while the 1st Symposium on Graph Drawing was held more than 10 years later. This is motivated by the fact that level graphs naturally model hierarchically organized data sets and level drawings are a very intuitive way to represent such graphs.
Formally, a level graph (V, E, γ) is a directed acyclic graph (V, E) together with a function γ : V → {1, ..., k}, with 1 ≤ k ≤ |V |, such that γ(u) < γ(v) for each edge (u, v) ∈ E. The set V i = γ −1 (i) is the i-th level of (V, E, γ). Let 1 , . . . , k be k horizontal straight lines ordered in this way with respect to the y-axis. A level drawing of (V, E, γ) maps vertices in V i to points on i and edges in E to y-monotone curves between their endpoints. A level graph is level planar if it admits a level planar drawing, i.e., a level drawing without crossings; see Fig. 1(a) . The LEVEL PLANARITY problem asks to test whether a given level graph is level planar.
The LEVEL PLANARITY problem has been studied for decades, starting from a characterization of the single-source level planar graphs [9] and culminating in a lineartime decision algorithm for general level graphs [14] . A complete characterization of level planarity in terms of "minimal" forbidden subgraphs is still missing [10, 13] . Level planarity has also been studied to take into account constraints such as a clustering of the vertices (CLUSTERED LEVEL PLANARITY [1, 12] ) and consecutivity constraints for the vertex orderings on the levels (T -LEVEL PLANARITY [1, 17] ).
This work was partially supported by DFG grant Ka812/17-1, by MIUR Project "AMANDA" under PRIN 2012C4E3KT, and by DFG grant WA 654/21-1. Differently from the standard notion of planarity, the concept of level planarity does not immediately extend to representations of level graphs on surfaces different from the plane. When considering the surface S of a sphere, level drawings are usually defined as follows: The vertices have to be placed on the k circles given by the intersection of S with k parallel planes, and each edge is a curve on S monotone in the direction orthogonal to such planes. The notion of planarity in this setting goes by the name of RADIAL LEVEL PLANARITY and is known to be decidable in linear time [5] . This setting is equivalent to the one in which the level graph is embedded on the "standing cylinder": Here, the vertices have to be placed on the circles defined by the intersection of the cylinder surface C with planes parallel to the cylinder bases, and the edges are curves on C monotone with respect to the cylinder axis; see [2, 5, 7] and Fig. 1 
(b).
Testing LEVEL PLANARITY has been an elusive goal for representations on the surface C of a "rolling cylinder"; see [2, 3, 4, 7] and Fig. 1(c) . This setting is as follows.
First, the level graph (V, E, γ) is now a cyclic level graph (also known as recurrent hierarchy [16] ), that is, it might contain edges (u, v) even if γ(v) < γ(u); we say that (u, v) is a front edge if γ(u) < γ(v), and is a back edge if γ(v) < γ(u). Note that a level graph is a cyclic level graph without back edges. The attribute "cyclic" comes from the fact that these graphs might contain directed cycles, while level graphs do not.
Second, k straight lines 1 , . . . , k parallel to the cylinder axis lie on C, where 1 , . . . , k are seen in this clockwise order from a point p on one of the cylinder bases, the vertices of level V i have to be placed on i , for i = 1, . . . , k, and each edge (u, v) is a curve λ lying on C and flowing monotonically in clockwise direction from u to v as seen from p; that is, λ intersects at most once any line i with 1 ≤ i ≤ k, and traverses the strip of C delimited by k and 1 if and only if (u, v) is a back edge. A drawing with these properties is a cyclic level drawing.
Within this setting, LEVEL PLANARITY takes the name of CYCLIC LEVEL PLA-NARITY [4] . A linear-time algorithm to test CYCLIC LEVEL PLANARITY has been presented for strongly connected graphs [3] , which are cyclic level graphs such that, for each pair of vertices, there exists a directed cycle through them.
In this paper we settle the computational complexity of CYCLIC LEVEL PLA-NARITY by showing a polynomial-time algorithm that tests whether a given cyclic level graph admits a cyclic level planar drawing.
Our techniques are inspired by the ones used in [1] to prove that T -LEVEL PLA-NARITY is polynomial-time solvable. First, we transform the given instance into a proper instance (that is an instance in which every edge spans two consecutive levels) at the cost of losing a quadratic factor in the running time of the algorithm. Second, we give a quadratic-time algorithm for proper instances of the CYCLIC T -LEVEL PLA-NARITY problem, which is a generalization of CYCLIC LEVEL PLANARITY. In this setting, every level V i is equipped with a tree T i whose leaf set is V i , and the order in which the vertices of V i appear along i has to be compatible with T i , i.e., for each internal node µ of T i , the leaves of the subtree of T i rooted at µ appear consecutively along i . Note that CYCLIC LEVEL PLANARITY is the special case of CYCLIC T -LEVEL PLA-NARITY in which each tree T i is a star, hence it does not impose any constraint on the ordering of the vertices of level V i . The algorithm for CYCLIC T -LEVEL PLANARITY is based on a linear-time reduction to equivalent instances of the SIMULTANEOUS EM-BEDDING WITH FIXED EDGES (SEFE) problem which are known to be solvable in quadratic time [6] . The SEFE problem asks whether a set of graphs sharing their vertex sets and (part of) their edge sets admit planar drawings coinciding on their common vertices and edges.
We also observe a different relationship between CYCLIC LEVEL PLANARITY and SIMULTANEOUS EMBEDDING [8] (in the version without the "fixed edges" constraint, the planar drawings of the input graphs are only required to coincide on their vertices, and not on their commmon edges). We define a natural level-like version of the SIMULTANEOUS EMBEDDING problem: SIMULTANEOUS LEVEL PLANARITY. Let (V, E 1 , γ), . . . , (V, E k , γ) be k level graphs. The problem asks whether level planar drawings of these graphs exist coinciding on V . An instance of SIMULTANEOUS LEVEL PLANARITY for two graphs on two levels is easily shown to be equivalent to an instance of CYCLIC LEVEL PLANARITY with two levels, in which all the edges of one graph are front edges and all the edges of the other graph are back edges. Hence, SIMULTANE-OUS LEVEL PLANARITY is polynomial-time solvable for this family of instances. We show that this positive result cannot be extended (unless P=NP) to two graphs on multiple levels or to multiple graphs on two levels, as the problem becomes NP-complete even for two graphs on three levels and for three graphs on two levels. Altogether, this establishes a tight border of tractability for SIMULTANEOUS LEVEL PLANARITY.
The rest of the paper is organized as follows. In Section 2 we establish some preliminaries and definitions; in Section 3 we present our algorithm for CYCLIC T -LEVEL PLANARITY; in Section 4 we present our results for SIMULTANEOUS LEVEL PLA-NARITY; finally, in Section 5 we conclude and present some open problems.
Preliminaries
A graph is k-connected if the removal of any k − 1 vertices leaves the graph connected.
A cyclic T -level graph (V, E, γ, T ) is a cyclic level graph (V, E, γ) with a set T = {T 1 , . . . , T k } of trees such that the leaf set of T i is V i , for i = 1, . . . , k. A cyclic T -level planar drawing of (V, E, γ, T ) is a cyclic level planar drawing of (V, E, γ) such that, for i = 1, . . . , k, the order in which the vertices of V i appear along i is compatible with T i . The CYCLIC T -LEVEL PLANARITY problem is to determine the existence of a cyclic T -level planar drawing of a cyclic T -level graph.
A cyclic level graph (V, E, γ) (or a cyclic T -level graph (V, E, γ, T )) is proper if for all (u, v) ∈ E, either γ(u) = γ(v) − 1, or γ(u) = k and γ(v) = 1. Note that it is possible to transform any non-proper instance of CYCLIC LEVEL PLANARITY into an equivalent proper instance by subdividing edges spanning more than two consecutive levels with dummy vertices. This is in general not true for non-proper instances of CYCLIC T -LEVEL PLANARITY. In fact, we show in this paper that the latter problem is solvable in polynomial time for proper instances, while it is NP-complete for nonproper instances.
Cyclic T -Level Planarity
In this section we investigate the complexity of CYCLIC T -LEVEL PLANARITY. Clearly, this problem generalizes T -LEVEL PLANARITY, given that any instance of T -LEVEL PLANARITY can be interpreted as an instance of CYCLIC T -LEVEL PLANARITY with no back edges. Since T -LEVEL PLANARITY is NP-complete [1] and since CYCLIC T -LEVEL PLANARITY lies in N P, due to the fact that it can be tested in polynomial time whether a given ordering of the vertices on each level determines a cyclic T -level planar drawing, we have the following.
Theorem 1. Problem CYCLIC T -LEVEL PLANARITY is NP-complete.
We now focus on proper instances of CYCLIC T -LEVEL PLANARITY. We give a quadratic-time algorithm by means of a linear-time reduction to equivalent instances of SEFE that are known to be solvable in quadratic time. Our proof is inspired by the one proposed in [1] to show the polynomial-time tractability of T -LEVEL PLANARITY for proper instances.
Proof. We describe how to construct G 1 , G 2 . Refer to Fig. 2 . We assume that
where k is the number of levels of (V, E, γ, T ). This is not a loss of generality, due to a possible initial renaming of the levels which does not alter the cyclic-level planarity of (V, E, γ, T ).
. . , k, graph G ∩ contains a copy T i of the tree T i ∈ T , rooted at t i , and three stars P i , Q i , and R i centered at p i , q i , and r i , respectively, whose leaves are determined as follows.
-For each u ∈ V i such that an edge (v, u) ∈ E exists, P i contains a leaf u(P i ); -for each u ∈ V i such that an edge (u, v) ∈ E exists, Q i contains a leaf u(Q i ); and -for each u ∈ V 1 such that a back edge (v, u) ∈ E exists, R i contains a leaf u(R i ).
and the corresponding leaves u(T 2 ) ∈ T 2 , u(P 2 ) ∈ P 2 , and u(Q 2 ) ∈ Q 2 are white boxes.
We initialize graph G 1 with the vertices and edges of G ∩ , and we add to it the following edges. For i = 1, . . . , k, consider each vertex u ∈ V i . Suppose that i is even. Then, G 1 has an edge connecting the leaf u(T i ) of T i corresponding to u with either the leaf u(Q i ) of Q i corresponding to u, if it exists, or with q i , otherwise; also, for each front edge (v, u) ∈ E connecting a vertex v ∈ V i−1 with u, G 1 has an edge (v(Q i−1 ), u(P i )) (these leaves exist by construction). Suppose that i is odd. Then, G 1 has an edge between u(T i ) and either u(P i ), if it exists, or p i , otherwise. We initialize graph G 2 with the vertices and edges of G ∩ and, for i = 1, . . . , k such that i is odd (even), we add to it the same edges as the ones added to G 1 for i even (resp. odd).
The above construction coincides with the one in [1] , except for the presence of stars R i . We now describe how to add edges incident to these stars in order to model the constraints imposed by the back edges of (V, E, γ, T ). Consider each vertex u ∈ V 1 such that at least one back edge (v, u) exists. We add edge (u(P 1 ), u(R 1 )) to G 2 ; also,
Graph G ∩ is connected, by construction. In order to prove that G 1 and G 2 are 2-connected, observe that both graphs are composed of cycle C and of a set of 2-connected components between pairs of vertices of C. In particular, 2-connected components exist sharing with C vertices t i and p i , vertices t i and q i , vertices q i and p i+1 , vertices r i and r i+1 , vertices p 1 and r 1 , and vertices r k and q k .
Let n T denote the total number of nodes in the trees in T . Then, trees T i and stars P i and Q i contain at most 3n T ∈ O(|V |) vertices in total. Further, each of stars
Hence, the size of G 1 , G 2 is linear in the size of (V , E , γ , T ); also, it is easy to see that G 1 , G 2 can be constructed in linear time.
It remains to prove that G 1 , G 2 admits a SEFE if and only if (V , E , γ , T ) is cyclic T -level planar. In the following, in order to describe a SEFE Γ 1 , Γ 2 , we will refer to a counter-clockwise order Θ(T i ) of the leaves of T i . This is defined as the order in which the leaves of T i are encountered when visiting T i so that the subtrees of a node u are visited in counter-clockwise order starting at the one following the edge from u to its parent (any node adjacent to t i in C is fixed as the parent of t i for this purpose). Orders Θ(P i ), Θ(Q i ), and Θ(R i ) for the leaves of P i , Q i , and R i are defined analogously. Finally, in order to describe a cyclic T -level planar drawing Γ , we will talk about the left-to-right orders O i of the vertices in V i along i .
(=⇒) Suppose that G 1 , G 2 admits a SEFE Γ 1 , Γ 2 . We show how to construct a cyclic T -level planar drawing Γ of (V , E , γ , T ). For i = 1, . . . , k, let Θ(T i ) be the counter-clockwise order of the leaves of
Suppose, for a contradiction, that there exist two front edges (u, v), (w, z) ∈ E, with u, w ∈ V i and v, z ∈ V i+1 , such that u precedes w in O i and z precedes v in O i+1 . Since i and i + 1 have different parity, either u precedes w in Θ(T i ) and v precedes z in Θ(T i+1 ), or vice versa.
We claim that, in both cases, this implies a crossing in
Since the edges of these two paths belong all to G 1 or all to G 2 , depending on whether i is odd or even, respectively, this yields a contradiction.
We now prove the claim. The counter-clockwise order Θ(Q i ) of the leaves of Q i (the counter-clockwise order Θ(P i+1 ) of the leaves of P i+1 ) in Γ 1 , Γ 2 is the reverse of Θ(T i ) (of Θ(T i+1 )), when restricting the latter to the vertices of V i (resp. of V i+1 ) corresponding to leaves of Q i (of P i+1 ). Namely, each leaf x(Q i ) of Q i (y(P i+1 ) of P i+1 ) is connected to the leaf x(T i ) of T i (resp. y(T i+1 ) of T i+1 ) in the same graph, either G 1 or G 2 , by construction. Hence, the fact that u(
In both cases, this implies a crossing in
, thus proving the claim.
Next suppose, for a contradiction, that there exist two back edges (v, u), (z, w) ∈ E, with u, w ∈ V 1 and v, z ∈ V k , such that u precedes w in O 1 and z precedes v in O k . We claim that this implies a crossing in
Since the edges of these two paths belong all to G 1 or all to G 2 , depending on whether k is odd or even, this yields a contradiction.
We now prove the claim. Unlike the above discussion about front edges, we cannot say in this case that 1 and k have different parity, as this depends on the value of k. In fact, since 1 is odd, u precedes w in Θ(T 1 ); on the other hand, whether v precedes or follows z in Θ(T k ) depends on the parity of k. Namely, if k is odd, then z precedes v in Θ(T k ), while if k is even, then v precedes z in Θ(T k ).
We first argue about the relationship between Θ(R k ) and Θ(T 1 ). The counterclockwise order Θ(P 1 ) of the leaves of P 1 in Γ 1 , Γ 2 is the reverse of Θ(T 1 ), when restricting the latter to the vertices of V 1 corresponding to leaves of P 1 , due to the presence of the edges of G 1 between these leaves. Also, the counter-clockwise order Θ(R 1 ) of the leaves of R 1 is the reverse of Θ(P 1 ), due to the presence of the edges of G 2 between these leaves. Further, the counter-clockwise order Θ(R i+1 ) of the leaves of R i+1 is the reverse of the counter-clockwise order Θ(R i ) of the leaves of R i , for all i = 1, . . . , k − 1, due to the presence of the edges, either all of G 1 or all of G 2 , between these leaves. Hence, if k is even, then Θ(R k ) is the reverse of Θ(T 1 ) restricted to common leaves, while if k is odd, then Θ(R k ) coincides with Θ(T 1 ) restricted to common leaves.
Next, we argue about the relationship between Θ(Q k ) and Θ(T k ). The counterclockwise order Θ(Q k ) of the leaves of Q k in Γ 1 , Γ 2 is the reverse of Θ(T k ), when restricting the latter to the vertices of V k corresponding to leaves of Q k , due to the presence of the edges, either all of G 1 or all of G 2 , between these leaves.
We conclude the proof of the claim by distinguishing the two cases in which k is even or odd. If k is even, the fact that u precedes w in O 1 , and hence u(T 1 ) precedes
If k is odd, the fact that u precedes w in O 1 , and hence u(
In both cases, this implies a crossing in Γ 1 , Γ 2 between paths (q k , v(Q k ), u(R k ), r k ) and (q k , z(Q k ), w(R k ), r k ), and the claim follows.
(⇐=) Suppose that (V , E , γ , T ) admits a cyclic T -level planar drawing Γ . We show how to construct a SEFE Γ 1 , Γ 2 of G 1 , G 2 .
We construct Γ 1 , Γ 2 in such a way that the outer face of both Γ 1 and Γ 2 is bounded by C. For i = 1, . . . , k, let O i be the left-to-right order of the vertices of level V i along i in Γ ; if i is odd (even), then draw T i so that the counter-clockwise order Θ(T i ) of the leaves of T i is O i (resp. the reverse of O i ). Also, if i is odd, then fix the clockwise order around p i (q i ) of the paths that connect p i (resp. q i ) to the leaves of T i in G 1 (resp. in G 2 ) to the order in which the corresponding endvertices appear in O i ; if i is even, then fix the clockwise order around p i (q i ) of the paths that connect p i (resp. q i ) to the leaves of T i in G 2 (resp. in G 1 ) to the reverse of the order in which the corresponding endvertices appear in O i . If i is even (odd), then fix the clockwise order of the leaves of R i around r i to O 1 (to the reverse of O 1 ).
Further, for each i = 1, . . . , k − 1 such that i is odd, fix the clockwise order of the edges connecting each leaf u(Q i ) of Q i to the leaves of P i+1 in G 1 (and the clockwise order of the edges connecting each leaf u(P i+1 ) of P i+1 to the leaves of Q i in G 1 ) as the clockwise order in which the corresponding edges appear around u in Γ . For each i = 1, . . . , k − 1 such that i is even, the order of the edges incident to the leaves of Q i and to the leaves of P i+1 in G 2 can be defined symmetrically.
It remains to consider the leaves u(R k ) of R k and the leaves u(Q k ) of Q k in G 1 or in G 2 , depending on whether k is odd or even, respectively. If k is odd, fix the clockwise order of the edges connecting each leaf u(Q k ) of Q k to the leaves of R k in G 1 (and the clockwise order of the edges connecting each leaf u(R k ) of R k to the leaves of Q k in G 1 ) as the clockwise order in which the corresponding edges appear around u in Γ . If k is even, the order of the edges incident to the leaves u(Q k ) of Q k and u(R k ) of R k in G 2 can be defined symmetrically. This completes the construction of Γ 1 , Γ 2 .
We prove that Γ 1 , Γ 2 is a SEFE of G 1 , G 2 .
Since the order of the leaves of each tree T i , which is a copy of T i ∈ T , either coincides or is the reverse of the order O i , and since the latter is compatible with T i , the drawing of T i is planar in Γ 1 , Γ 2 .
By construction, the counter-clockwise order of the leaves of T i is the same as the clockwise order in which the paths connecting p i (q i ) to such leaves appear around p i (around q i ), regardless of the parity of i. Hence, there exists no crossing inside the 2-connected component between t i and p i (t i and q i ) in G 1 or G 2 . Analogously, for i = 0, . . . , k − 1 (for convenience we set r 0 = p 1 and R 0 = P 1 ), the clockwise order of the leaves of R i around r i is the reverse of the clockwise order of the leaves of R i+1 around r i+1 in G ∩ , regardless of the parity of i. Hence, there exists no crossing inside the 2-connected component between r i and r i+1 in G 1 or G 2 .
Finally, if i = k is odd (even), the clockwise order of the edges connecting leaves of Q i and P i+1 around u(Q i ) is the same as (the reverse of) the clockwise order in which the corresponding edges appear around u in Γ ; further, the clockwise order of the edges connecting leaves of Q i and P i+1 around v(P i+1 ) is the reverse of (the same as) the clockwise order in which the corresponding edges appear around v in Γ . Hence, there exist no two crossing edges whose endpoints are the leaves of Q i and P i+1 in either G 1 and G 2 , as otherwise a crossing would also occur in Γ . The fact that there exist no two crossing edges whose endpoints are the leaves of R k and Q k in either G 1 (if k is odd) or G 2 (if k is even) can be proved similarly. This concludes the proof.
We thus get the following.
Theorem 2. Problem CYCLIC T -LEVEL PLANARITY can be solved in quadratic time for proper instances.
Proof. By Lemma 1, it is possible to reduce in linear time an instance of CYCLIC T -LEVEL PLANARITY to an equivalent instance G 1 , G 2 of SEFE such that graphs G 1 and G 2 are 2-connected and graph G ∩ is connected; further, instances of SEFE with this property can be solved in quadratic time [6] .
We are now ready to state our result about CYCLIC LEVEL PLANARITY. Proof. The statement comes from Theorem 2 and from the fact that any n-vertex instance of CYCLIC LEVEL PLANARITY can be turned into an equivalent O(n 2 )-vertex proper instance by subdividing edges spanning more than one level.
Simultaneous Level Planarity
In this section, we prove that SIMULTANEOUS LEVEL PLANARITY is NP-complete for two graphs on three levels and for three graphs on two levels, while it is polynomialtime solvable for two graphs on two levels. Both NP-hardness proofs rely on a reduction from the NP-complete problem BETWEENNESS [15] , which asks, for a ground set S and a set X of ordered triplets of S, whether a linear order ≺ of S exists such that, for any (α, β, γ) ∈ X, it is α ≺ β ≺ γ or γ ≺ β ≺ α. Both proofs exploit the following two gadgets. For an instance (S, X) of BETWEENNESS, let |S| = n and |X| = k.
The ordering gadget is a pair [G 1 , G 2 ] of level graphs on levels 1 and 2 , where the bottom level 1 contains nk vertices u 1,1 , . . . , u 1,n , . . . , u k,1 , . . . , u k,n , and the top level 2 contains n(k − 1) vertices v 1,1 , . . . , v 1,n , . . . , v k−1,1 , . . . , v k−1,n . For i = 1, . . . , k − 1 and j = 1, . . . , n, G 1 contains edge (u i,j , v i,j ) and G 2 contains edge (u i+1,j , v i,j ). See G 1 and G 2 in Fig. 3(a) . Consider any simultaneous level planar drawing Γ of G 1 , G 2 and assume, w.l.o.g. up to a renaming, that u 1,1 , . . . , u 1,n appear in this left-to-right order along 1 . We have the following. Lemma 2. For every i = 1, . . . , k, vertices u i,1 , . . . , u i,n appear in this left-to-right order along 1 ; also, for every i = 1, . . . , k − 1, vertices v i,1 , . . . , v i,n appear in this left-to-right order on 2 .
Proof. Suppose, for a contradiction, that the statement does not hold. Then let k * be the smallest index such that either: (A) for every i = 1, . . . , k * − 1, vertices u i,1 , . . . , u i,n appear in this left-to-right order along 1 ; for every i = 1, . . . , k * − 1, vertices v i,1 , . . . , v i,n appear in this left-toright order along 2 ; and vertices u k * ,1 , . . . , u k * ,n do not appear in this left-to-right order along 1 ; or (B) for every i = 1, . . . , k * , vertices u i,1 , . . . , u i,n appear in this left-to-right order along 1 ; for every i = 1, . . . , k * − 1, vertices v i,1 , . . . , v i,n appear in this left-toright order along 2 ; and vertices v k * ,1 , . . . , v k * ,n do not appear in this left-to-right order along 2 .
Suppose that we are in Case (A), as the discussion for Case (B) is analogous. Then v k * −1,1 , . . . , v k * −1,n appear in this left-to-right order along 2 , while u k * ,1 , . . . , u k * ,n do not appear in this left-to-right order along 1 . Hence, there exist indices i and j such that v k * −1,i is to the left of v k * −1,j along 2 , while u k * ,i is to the right of u k * ,j along 1 . It follows that edges (u k * ,i , v k * −1,i ) and (u k * ,j , v k * −1,j ) cross, however they both belong to G 2 ; this contradicts the assumption that Γ is a simultaneous level planar drawing of
The triplet gadget is a path T = (w 1 , . . . , w 5 ) on two levels, where w 1 , w 3 , and w 5 belong to the same level i and w 2 and w 4 belong to the same level j = i (where j may be either above or below i ). See G 3 in Fig. 3(a) . We have the following. Proof. Suppose, for a contradiction that w 3 is the leftmost vertex along i among w 1 , w 3 , and w 5 . The case in which it is the rightmost vertex is analogous. Also assume that i is below j , as the other case is symmetric. If w 2 is to the left of w 4 along j , then edges (w 1 , w 2 ) and (w 3 , w 4 ) cross, otherwise edges (w 3 , w 2 ) and (w 5 , w 4 ) cross. In both cases we have a contradiction to the planarity of the level drawing of T .
We are now ready to prove the claimed NP-completeness results.
Theorem 3. SIMULTANEOUS LEVEL PLANARITY is NP-complete for three graphs on two levels and for two graphs on three levels.
Proof. Both problems clearly are in N P. We prove the N P-hardness only for three graphs on two levels (see Fig. 3(a) ), as the other proof is analogous (see Fig. 3(b) ).
From an instance (S = {u 1,1 , . . . , u 1,n }, X = {(u 1,ai , u 1,bi , u 1,ci ) : i = 1, . . . , k}) of BETWEENNESS, we construct an instance
of SIMULTANEOUS LEVEL PLANARITY as follows: Pair G 1 , G 2 contains an ordering gadget on levels 1 and 2 , where the vertices u 1,1 , . . . , u 1,n of G 1 are the elements of S. Graph G 3 contains k triplet gadgets T i (u i,ai , x i , u i,bi , y i , u i,ci ), for i = 1, . . . , k. Vertices x 1 , y 1 , . . . , x k , y k are all distinct and are on 2 . Clearly, the construction can be carried out in linear time. We prove the equivalence of the two instances.
(=⇒) Suppose that a simultaneous level planar drawing Γ of G 1 , G 2 , G 3 exists. We claim that the left-to-right order of u 1,1 , . . . , u 1,n along 1 satisfies the betweenness constraints in X. Suppose, for a contradiction, that (u 1,ai , u 1,bi , u 1,ci ) ∈ X exists with u 1,bi not between u 1,ai and u 1,ci along 1 . By Lemma 2, u i,bi is not between u i,ai and u i,ci . By Lemma 3,
(⇐=) Suppose that (S, X) is a positive instance of BETWEENNESS, and assume, w.l.o.g. up to a renaming, that ≺:= u 1,1 , . . . , u 1,n is a solution for (S, X), that is, the ordering u 1,1 , . . . , u 1,n satisfies all the betweenness constraints in X. Construct a straight-line simultaneous level planar drawing of G 1 , G 2 , G 3 with:
(i) u 1,1 , . . . , u 1,n , . . . , u k,1 , . . . , u k,n in this left-to-right order along 1 , (ii) v 1,1 , . . . , v 1,n , . . . , v k−1,1 , . . . , v k−1,n in this left-to-right order along 2 , (iii) x i and y i to the left of x i+1 and y i+1 , for i = 1, . . . , k − 1, and (iv) x i to the left of y i if and only if u 1,ai ≺ u 1,ci .
Properties (i) and (ii) guarantee that, for any two edges (u i,j , v i,j ) and (u i ,j , v i ,j ), u i,j is to the left of u i ,j along 1 if and only if v i,j is to the left of v i ,j along 2 , which implies the planarity of G 1 in Γ . The planarity of G 2 in Γ can be proved analogously. Properties (i) and (iii) imply that no two paths T i and T j cross each other, while Property (iv) guarantees that each path T i is planar. Hence, the drawing of G 3 in Γ is planar.
We remark that the graphs in the proof of Theorem 3 can be made connected, via new vertices and edges, at the expense of using an additional level. Also, the proof remains valid even if the simultaneous embedding is with fixed edges or geometric.
In contrast to the NP-hardness results, a reduction to CYCLIC LEVEL PLANARITY allows us to establish the following.
Theorem 4. SIMULTANEOUS LEVEL PLANARITY is quadratic-time solvable for two graphs on two levels.
be an instance of the SIMULTANEOUS LEVEL PLANARITY problem, where each of G 1 and G 2 is a level graph on two levels 1 and 2 . We define a proper instance (V, E, γ) of CYCLIC LEVEL PLANARITY as follows. The vertex set V is the same as the one of G 1 and G 2 , as well as the function γ : V → {1, 2}; further, E contains an edge (u, v) for every (u, v) ∈ E 1 and an edge (v, u) for every (u, v) ∈ E 2 . Note that, the edges in E 1 correspond to front edges, while those in E 2 correspond to back edges. We prove that G 1 (V, E 1 , γ), G 2 (V, E 2 , γ) is simultaneous level planar if and only if (V, E, γ) is cyclic level planar.
(=⇒) Consider a simultaneous level planar drawing of G 1 and G 2 , map it to the surface S of a cylinder, and wrap the edges of G 2 around the part of S delimited by 1 and 2 and not containing the edges of G 1 ; this results in a cyclic level planar drawing of (V, E, γ).
(⇐=) Conversely, consider a cyclic level planar drawing of (V, E, γ) on the surface S of a cylinder, reroute the edges of G 2 so that they lie in the part of S delimited by 1 and 2 and containing the edges of G 1 , and map this drawing to the plane; this results in a simultaneous level planar drawing of G 1 and G 2 . The statement of the theorem then follows from Corollary 1 and from the fact that the described reduction can be performed in linear time.
Conclusions and Open Problems
In this paper we have shown that the CYCLIC LEVEL PLANARITY problem, which is a natural extension of the LEVEL PLANARITY problem to drawings on the surface of a cylinder, is polynomial-time solvable. It is a interesting challenge to design new techniques to improve the quartic-time bound of our algorithm. In particular, both the quest for a linear-time algorithm for proper instances and the quest for an algorithm for non-proper instances that does not include a transformation to equivalent proper instances of quadratic size are worth future research efforts.
Another natural embedding problem on the cylinder surface is the CYCLIC CLUS-TERED LEVEL PLANARITY problem. In this problem we are given a cyclic level graph (V, E, γ), together with a cluster hierarchy on V , and the question is whether (V, E, γ) admits a cyclic level planar drawing in which each cluster µ is represented by a simple connected region R(µ) such that: (i) R(µ) contains all and only the vertices of µ, and (ii) the boundary of R(µ) does not intersect any edge more than once and any line representing a level more than twice. To the best of our knowledge, this problem has never been investigated although it is a natural combination of two well-studied problems, CYCLIC LEVEL PLANARITY and CLUSTERED PLANARITY [11] . While this problem is NP-complete 1 for general instances, it might be tractable for proper instances. In fact, the non-cyclic version of this problem (CLUSTERED LEVEL PLANARITY) is polynomial-time solvable for proper instances [1] . The latter result has been achieved by means of a reduction to T -LEVEL PLANARITY, hence our new results on CYCLIC T -LEVEL PLANARITY might be helpful in this direction.
Finally, it would be interesting to extend the notion of level planarity to surfaces other than the plane, the sphere, and the cylinder. The torus seems to be a good candidate. On that surface, each level is embedded on a circle and the circles define a cyclic sequence, thus combining the power of representation of a standing cylinder and of a rolling cylinder.
